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11.
y

R

O x2 �

Figure 2

� )LJXUH���VKRZV�D�VNHWFK�RI�SDUW�RI�WKH�FXUYH�ZLWK�HTXDWLRQ�

y = (ln x)2    x � 0

� 7KH�ILQLWH�UHJLRQ�R��VKRZQ�VKDGHG�LQ�)LJXUH����LV�ERXQGHG�E\�WKH�FXUYH��WKH�OLQH�ZLWK�
HTXDWLRQ�x = 2, the x�D[LV�DQG�WKH�OLQH�ZLWK�HTXDWLRQ�x� ��

� 7KH�WDEOH�EHORZ�VKRZV�FRUUHVSRQGLQJ�YDOXHV�RI�x and y��ZLWK�WKH�YDOXHV�RI�y�JLYHQ�WR���
GHFLPDO�SODFHV�

x 2 2.5 3 3.5 �

y ������ ������ ������ ������ ������

� �D�� 8VH�WKH�WUDSH]LXP�UXOH��ZLWK�DOO�WKH�YDOXHV�RI�y�LQ�WKH�WDEOH��WR�REWDLQ�DQ�HVWLPDWH�IRU�
WKH�DUHD�RI�R��JLYLQJ�\RXU�DQVZHU�WR���VLJQLILFDQW�ILJXUHV�

(3)

� �E��8VH�DOJHEUDLF�LQWHJUDWLRQ�WR�ILQG�WKH�H[DFW�DUHD�RI�R��JLYLQJ�\RXU�DQVZHU�LQ�WKH�IRUP

y = a (ln 2)2 + b ln 2 + c

� � ZKHUH�a, b and c�DUH�LQWHJHUV�WR�EH�IRXQG�
(5)
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��� 7KH�VSHHG�RI�D�VPDOO�MHW�DLUFUDIW�ZDV�PHDVXUHG�HYHU\���VHFRQGV��VWDUWLQJ�IURP�WKH�WLPH�LW�
WXUQHG�RQWR�D�UXQZD\��XQWLO�WKH�WLPH�ZKHQ�LW�OHIW�WKH�JURXQG��

� 7KH�UHVXOWV�DUH�JLYHQ�LQ�WKH�WDEOH�EHORZ�ZLWK�WKH�WLPH�LQ�VHFRQGV�DQG�WKH�VSHHG�LQ�P�Ví��

7LPH��V� � � �� �� �� ��

6SHHG��P�Ví�� � � �� �� �� ��

� 8VLQJ�DOO�RI�WKLV�LQIRUPDWLRQ��

� �D�� HVWLPDWH�WKH�OHQJWK�RI�UXQZD\�XVHG�E\�WKH�MHW�WR�WDNH�RII��
���

� *LYHQ�WKDW�WKH�MHW�DFFHOHUDWHG�VPRRWKO\�LQ�WKHVH����VHFRQGV��

� �E�� H[SODLQ�ZKHWKHU�\RXU�DQVZHU�WR�SDUW��D��LV�DQ�XQGHUHVWLPDWH�RU�DQ�RYHUHVWLPDWH�RI�WKH�
OHQJWK�RI�UXQZD\�XVHG�E\�WKH�MHW�WR�WDNH�RII�

���
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1 The table below shows corresponding values of x and y for  y = 
x
x1 +

 The values of y are given to 4 significant figures.

x 0.5 1 1.5 2 2.5

y 0.5774 0.7071 0.7746 0.8165 0.8452

 (a) Use the trapezium rule, with all the values of y in the table, to find an estimate for 

x
x
x

1
0 5

2 5

+∫ d

.

.

  giving your answer to 3 significant figures.
(3)

 (b) Using your answer to part (a), deduce an estimate for 
9

1
0 5

2 5

x
x
x

+∫ d

.

.

(1)

 Given that 

9

1
0 5

2 5

x
x
x

+∫ d

.

.

� ��������WR���VLJQL¿FDQW�¿JXUHV

 (c) comment on the accuracy of your answer to part (b).
(1)
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9.

Figure 1

 Figure 1 shows a sketch of part of the curve with equation y xx= e , > 0

 The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the 
lines x = 4 and x = 9

 (a) Use the trapezium rule, with 5 strips of equal width, to obtain an estimate for the area 
of R, giving your answer to 2 decimal places.

(4)

 (b) Use the substitution u x=  to find, by integrating, the exact value for the area of R.
(7)

___________________________________________________________________________

___________________________________________________________________________
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12. 

1 3

C

S
O x

y

Figure 4

 Figure 4 shows a sketch of part of the curve C with equation

y = x x2

3

ln  – 2x + 4,    x ���

 The finite region S, shown shaded in Figure 4, is bounded by the curve C, the x-axis and 
the lines with equations x = 1 and x = 3

 (a) Complete the table below with the value of y corresponding to x = 2.  Give your 
answer to 4 decimal places.

x 1 1.5 2 2.5 3

y 2 1.3041 0.9089 1.2958

(1)

 (b) Use the trapezium rule, with all the values of y in the completed table, to obtain an 
estimate for the area of S, giving your answer to 3 decimal places.

(3)

 (c) Use calculus to find the exact area of S. 

  Give your answer in the form a
b

 + lnc, where a, b and c are integers.
(6)

 (d) Hence calculate the percentage error in using your answer to part (b) to estimate the 
area of S.  Give your answer to one decimal place.

(2)

 (e) Explain how the trapezium rule could be used to obtain a more accurate estimate for 
the area of S.

(1)
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13. y

O e

R
e2 x

Figure 5

 Figure 5 shows a sketch of part of the curve with equation y = 2 – ln x,   x > 0

 The finite region R, shown shaded in Figure 5, is bounded by the curve, the x-axis and the 
line with equation x = e.

 The table below shows corresponding values of x and y for y = 2 – ln x

x e
e e+ 2

2
e2

y l 0

 (a) Complete the table giving the value of y to 4 decimal places.
(1)

 (b) Use the trapezium rule, with all the values of y in the completed table, to obtain an 
estimate for the area of R, giving your answer to 3 decimal places.

(3)

 (c) Use integration by parts to show that �(ln x)2 dx = x (ln x)2 – 2x ln x + 2x + c
(4)

 The area R is rotated through 360° about the x-axis. 

 (d) Use calculus to find the exact volume of the solid generated. 

  Write your answer in the form ʌe( pe + q), where p and q are integers to be found.
(6)

___________________________________________________________________________
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7.

Figure 3

 Figure 3 shows part of the curve C with equation

y = 
3 1

1

2

2
ln( )
( )

x
x

+
+

,    x�� \

 (a) Find 
d

d

y
x (2)

 (b) Using your answer to (a), find the exact coordinates of the stationary point on the 

curve C for which x � 0.  Write each coordinate in its simplest form.

(5)

 The finite region R, shown shaded in Figure 3, is bounded by the curve C, the x-axis and 

the line x = 3

 (c) Complete the table below with the value of y corresponding to x = 1

x 0 1 2 3

y 0
3
5 ln5

3
10 ln10

(1)

 (d) Use the trapezium rule with all the y values in the completed table to find an 

approximate value for the area of R, giving your answer to 4 significant figures.

(3)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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7. y

O x

R

2 5

Diagram not 
drawn to scale

Figure 1

 Figure 1 shows a sketch of part of the curve with equation y
x

x=
+

−1
2 5

2 5, .�

 The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the 
lines with equations x = 2 and x = 5

� (a) Use the trapezium rule with three strips of equal width to find an estimate for the area 
of R, giving your answer to 3 decimal places.

(4)

 (b) Use calculus to find the exact area of R.
(4)

 (c) Hence calculate the magnitude of the error of the estimate found in part (a), giving 
your answer to one significant figure.

(1)
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5.

O

y

x

C
R

3
2
π 5

2
π

Figure 1

 Figure 1 shows a sketch of part of the curve C with equation  

y x x x= ∈cos , �

 The finite region R, shown shaded in Figure 1, is bounded by the curve C and the x-axis

 for 
3 5 
2 2
π πx ! ! 

 (a) Complete the table below with the exact value of y corresponding to 
7
4
πx =  and with

  the exact value of y corresponding to 
9
4
πx =

x
3
2
π 7

4
π

2ʌ
9
4
π 5

2
π

y 0 2ʌ 0

(1)

 (b) Use the trapezium rule, with all five y values in the completed table, to find an 

approximate value for the area of R, giving your answer to 4 significant figures.

(3)

 (c) Find 

x x xcos d∫
(3)

 (d) Using your answer from part (c), find the exact area of the region R.

(2)
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���

R

� x�

y

O

)LJXUH��

� )LJXUH���VKRZV�D�VNHWFK�RI�SDUW�RI�WKH�FXUYH�ZLWK�HTXDWLRQ� y
x

x
=

+2
1
�� � x�.��

� 7KH� ILQLWH� UHJLRQ�R�� VKRZQ� VKDGHG� LQ�)LJXUH���� LV� ERXQGHG�E\� WKH� FXUYH�� WKH� OLQH�ZLWK�
HTXDWLRQ�x� ����WKH�x�D[LV�DQG�WKH�OLQH�ZLWK�HTXDWLRQ�x� ��

� 7KH�WDEOH�EHORZ�VKRZV�FRUUHVSRQGLQJ�YDOXHV�RI�x�DQG�y�IRU� y
x

x
=

+2
1

x � � � � � �
y ������ ������ ������ ������ ������ ������

� �D�� 8VH�WKH�WUDSH]LXP�UXOH��ZLWK�DOO�WKH�YDOXHV�RI�y�LQ�WKH�WDEOH��WR�ILQG�DQ�HVWLPDWH�IRU�WKH���
DUHD�RI�R��JLYLQJ�\RXU�DQVZHU�WR���GHFLPDO�SODFHV�

����

� 7KH�UHJLRQ�R�LV�URWDWHG������DERXW�WKH�x�D[LV�WR�IRUP�D�VROLG�RI�UHYROXWLRQ�

� �E�� 8VH�FDOFXOXV�WR�ILQG�WKH�H[DFW�YROXPH�RI�WKH�VROLG�RI�UHYROXWLRQ�IRUPHG���:ULWH�\RXU���
DQVZHU�LQ�LWV�VLPSOHVW�IRUP�

���
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)LJXUH��

� )LJXUH���VKRZV�D�VNHWFK�RI�WKH�FXUYH�&�ZLWK�HTXDWLRQ��y� ��H±x VLQ x ����-�x�-�ʌ�
� 7KH�ILQLWH�UHJLRQ�5��VKRZQ�VKDGHG�LQ�)LJXUH����LV�ERXQGHG�E\�WKH�FXUYH�DQG�WKH�x-D[LV�

� �D���&RPSOHWH� WKH� WDEOH�EHORZ�ZLWK� WKH�YDOXH�RI�\�FRUUHVSRQGLQJ� WR� ,
2
πx = �JLYLQJ�\RXU�

DQVZHU�WR���GHFLPDO�SODFHV�

x � 4
π

2
π 3

4
π

ʌ

y � ������� ������� �

���

� �E�� 8VH�WKH�WUDSH]LXP�UXOH��ZLWK�DOO�WKH�YDOXHV�RI�y�LQ�WKH�FRPSOHWHG�WDEOH��WR�REWDLQ�DQ�
HVWLPDWH�IRU�WKH�DUHD�RI�WKH�UHJLRQ�5���*LYH�\RXU�DQVZHU�WR���GHFLPDO�SODFHV�

���

� �F�� *LYHQ�y� ��H±x VLQ x y
x

��ILQG� G
G
�IRU�����x���ʌ�

���

� 7KH�FXUYH�&�KDV�D�PD[LPXP�WXUQLQJ�SRLQW�ZKHQ�x� �D�

� �G�� 8VH�\RXU�DQVZHU�WR�SDUW��F��WR�ILQG�WKH�YDOXH�RI�D��JLYLQJ�\RXU�DQVZHU�WR���GHFLPDO�
SODFHV�

���
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��� �D�� *LYHQ�WKDW�a�LV�D�FRQVWDQW��a������VNHWFK�WKH�JUDSK�RI

y� �ax�� � � x���\

� � 2Q�\RXU�GLDJUDP�VKRZ�WKH�FRRUGLQDWHV�RI�WKH�SRLQW�ZKHUH�WKH�JUDSK�FURVVHV�WKH�y�D[LV�
���

� 7KH�WDEOH�EHORZ�VKRZV�FRUUHVSRQGLQJ�YDOXHV�RI�x�DQG�y�IRU �y� ��x

x ±� ±� � � �

y ������ ���� � � ��

� �E�� 8VH�WKH�WUDSH]LXP�UXOH��ZLWK�DOO�RI�WKH�YDOXHV�RI�y�IURP�WKH�WDEOH��WR�ILQG�DQ�DSSUR[LPDWH�
YDOXH��WR���GHFLPDO�SODFHV��IRU

�
�

�
x xG

−∫
���

� �F�� 8VH�WKH�DQVZHU�WR�SDUW��E��WR�ILQG�DQ�DSSUR[LPDWH�YDOXH�IRU

� � �L�� � �

�

�
x x+

−∫ G

� � �LL�� � �� �
�

�

+
−∫ x xG

���
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